
The mstnrhny eromph of Num ( X )
.

main reference :
E opulence losses ofpdrryotnis and moduli spores of sheg.ma.in

recall : From lost talk that
a Budgeted stability condition an DhlXl is a

heat Ac DblH
,
i.e .

a full shehorn suhstegoy
with similar properties as Lah LH , together with an additive homomorphism 2 : Kdx)→ e

.

The aim of the seminar is to

show tht the collection of all such stability conditions
,
denoted by Sth txt

,
has

a simpler momfld structure and moreover there is

a
collection of molls fwif an Std H l closed submanifolds with boundary of codimension n ) smh tht StollH - U fwif is a finite

collection of chambers .

The aim of this tolls is to give a suite eromple .

More specifically we will treat the nose x a smooth algebraic variety
over e of dimension on longer than one .

To make the construction more tangible we will only speak of stolidity conditions coming from

prolongations on X
.
This will allow us to describe StolKl in terms of a finitely generated free stelios group and the walls in terms of

erpliit egotism .

It stolidity under different polarizations
St X be a smooth projective vsuety of dimension n an K

.

Recall thot the ant
sequence o→ a → Q → 0¥→ o defines

a mop Pie (H→ H
'

l X
,
21

.

If H
"

( x
,
o) is freely generated then we define Num Kl as Pie / her ( Pic txt→ Nix

,all . bbody ,

Num Irl is a finitely generated free abelian group .

The
wages of ample invertible shores in Num IN ore rolled prolongations .

def : In a polarization l and a tussis free coherent sheaf E
,

let

µLIE I = Cn l E ) . L
"

/rb CE) .

As always we soy thot E is (semi I - stolte w
.
n

.

t
.
L if for all coherent ndsheovs F c E st ocrh IF I crh IE ) we have Md Fl E ) Mt El .



remark : If n -

-
2 or rk let -- 2 then it is sufficient As cheek n on badly free subhens rt the corresponding quotient

ore torsion free .

By firing the numerical amount en E Pri (x ) and ca e A-
'

mm
txt the blow group of cycles of codimension 2 mshls numerical equivalence,

let us define the following moduli spree :

ft M
µ! c. , ca ) parametrize badly free fronts his stolle sheaves with food c. andc . .

( a quick boundedness argument allows the gustI6 IT approach which produces a quasiprojective moduli spree .

)

proposition I oomph ) : ht t be a bully fee rots 2 sheafon a smooth algebraic surface x .

Lt

4 and la le tus polarizations on X . Suppose thot E is in - stable and L
.
- instill

.

Then there ends an invertible sheaf Ox ID ) on X ninth Ln . D c o L L
; B , 0×1 Dt CalEl ) divisible by 2 in Piehl
and c

, (E)
'

- 4 CdE) f D2L O
.

srsllory : Lt E le
a brolly free rots 2 sheafon o smssth surfa X . If E is stolle w

.
n .

t
.

are psbrgotsis and

unstable w. n .

t
.
ans

ther one then Cn lET- e en CE) L o
.

remark : This is a special use of Bogomolov 's msbhhty theorem : if e! > 4 er ,

then Male , ,
er ) =p for any psbnrptsi on a

surface X .

Donaldson and Kshryoshi showed that if ed El -- CalEl -- O ,
then E is still w. n . t none pobuzotim Lan X iff

E comes from an irreducible unitary representation of the fundamental group IT, ( x ) .
( Nornnmhm - Seshadri generalization 1

.

prsposition (eenmph ) 2 : Let E be
a bully free rank 2 shed on a smooth n - dimensional variety X . Suppose thot E is Li stolle and

Li, amytqt.to .

Then there emits on invertible def a× IN an X ,

and integers i.y mhsfymg Of ie f E n - n smh tht ,
-

S : = L
,

athi . ( L
, th )

t - i - ^ and we have :

↳
D is a divisor i. e a linen combination of things of sd n



lil Ox ( Dtc
,
let ) is divisible by 2 in Pie ( x) ;

Iii ) (c , IET- 9calED . S E D
'

. S c o -

y
-s reduction to the surface core

( iii ) ( D . L
, ) . S L O L (D . L

z
) - S

II ) Equivalence losses and chambers

def : Let 4 ,

L
,
be two psburptisis an X .

Fir at Piel Xl and ez E A'mmm .

We define l , I L , if for every brolly free

rank this sheaf Ewth them closes a ,
c
,
then E is L

a
stable implies E is l , stole .

We define 4 Eh off 44 Lz and I , I 4

Proposition : let se f l
' smh thot l ' is a prolongation and l '

z if I psbryotn.ms thot at lost agree with L )

E
,
= fl

' smh thot L '

is a phenytoin and l ' E if I pbruptims thot
agree with 4

then we bore thot : Lil s ,
c s
, iff L

' Il

Iii l bi = s , If I EL

We already know that Num ( x ) is a finitely generated free group . There is an open core ( rolled Kahler une ) c
× ,
in Num Kl⑦ IR

which is spanned by polarizations .

Fie en E Pis (x ) and eat A'mmlxl .

Def : Ii ) Lt SE ATum Hl , and 8 E Nim ( x )⑦ IR
,

we define
d

Mke WH '

s )
= C

×
n f a e Num (x ) ⑦ IR smh tht u . 8 . S -- of

Lii ) we define the set of rolls W
"" ' '

as
the allethrin ofelements of the frm WH ' " with s a complete intersection

unfree in X and 8 is the numerical egnnolenu loss ofa denim D an X smh thot Ox ( D t g ) is divisible by 2 in Pic txt and thot

D
'
. S L O

, Cz t D÷i -- fi for sore bully csmpbti intersection 2 of shin 2



( iii ) to wall of type ( ca ,
Ca ) is on element

rn
W kn

, er ) .

A charter of type 14 ,
41 is a

connected component
of Cx - W Icn

, Cz ) .

it a- howler of type I c. ,
er ) is the intersection of Num ( x ) with some bomber of type ( on , ul

.

"" "mi

::c : :Titi:: www.enaa.eememe.mu.
hypothesis J condition ( it emits because cat D'-g = [23 → (eat D÷) . S = z . s

X → Ha - ci tf t = as

Num ( x ) ④ IR

→ face - c! ) s > 42 . s

→ (Ci - ta ) S L- ez . so

Proposition : the set of rolls of type ten , er ) is badly finite if din 1×1=2 . Additionally if slim x > 2
,

this is not necessarily
true ( mnlhpbnzrtsis came nuts ploy ) .

Pmpsstiin : Let l be a chamber
,

and let 4
,
he l then l , E L . =

'
l
n
th

.

proof : l
,
E L

z
is by definition ofwall , and 4th is in the some bombs since bombs on caner and had under re - siding .

f.oyllsry : Loch Z- howler is stained in some equivalence loss of E .

This
,
an eguuolenu class is a miss of2 lambs

and possibly me pskwptsis lying on molls .

÷i÷÷÷÷÷÷÷÷
' -
r:::c: ::: iii.ii. e.ie. .. . .
Iii l M

en
le
. .
4) = Me

,! ca ,
ca ) and Iiiil be

.

= sin and Ee
.

= Eu



P rspsntisn : suppose I, and l. are two bombers honing . unique mmmm fee which is port of the roll w .

Let Te be

the intersection W n bhome ( ti ) is the common foe .

Assume tht Num ( x ) n Te is nm empty and l E Nm ( x) n Te
.

then
,

lil Nim ( X l n Te is stained in one equivalence loss ;

hit s
,
s ( Nimr IH n 4) n l Nimw n la )

liii ) Num lH n l
n

E Nim Hl n le iff E
,
s l Nim Hln lol u ( Pm IN nhl

.

Rework
.

We see that E is ( Num Wl n Te) stolle iff it is both (Num Wren ) and INum H1n1
. ) title .

Thus
,

the study

of moduli spores of bully free rank this shoves stolle w. n .

t prolongation's lying on rolls can be reduced to the study of shears

still w
.
n

.

t polarization on Z - chambers
.

If one specializes As the core where X is on algebraic surfer then more things com he said about the roll and chamber structure
.

We note

thot all the previous results are oroukhb but we don't have to work with the restriction tht s hosts be
a complete intersection surface 1 up

As siding of 4 .

This implies thot one can
work with any element of C × .

In this content
,

let 4 ,
h be non quintet polarizations if there is a brolly free rank two sheaf E smh tht t- is 4 stolte but not

La stott then we love a SES : O → Oyl G ) → E → Ox (e n - 6) ⑦ Iz → 0
,

where 2 is bully complete intersection o- cycle and

126- Cal defines a non empty wolff type Ccn
,

c
z ) with 4 . 12 G - calc of Lz . 126 - c

n )
.

Then one defines the following you :

Def : Let t be some
numerical equivalence loss which defines a non empty roll of type la ,

cat
.

Let Epl on ,
ez) be

the set ofold bully free rots two shears E given by mm tourist odeinsis :

O → 0×1 Ft → E -7 dd ca - F ) ④ I z -so



where I is some twins with L2 F - en ) I V and 2 is some bully complete intersection. o - cycle with length ll z ) = cat ( r
'

- city
.

Then
one can get some decompositions of the moduli spores such

as :

Proposition : let l be a choler
,

and Te be one of its fees .

Then as sets
,

Myka , cat = that cried U l tf Erle. . cm )

where V sohu.fi's N .
L L o for some L t f

,

and runs over allnumerical equivalence losses which define the roll colouring Te
.

This drohfiihm is
very interesting when one looks at the moduli

yous Majd 12 , O , Cal of irreducible antisdfdusd SUCH -

connections in a
co - coupler VB with second tour loss c , on N

, egmped with a Riemannian metric
.

Donaldson proved thot

there ousts
on onlytie momplum between maf

d
12 ,

o
,
eel and Mmx'll k , o ,

ul
.

Results of Uhlenbeck show thot the disjoint
unison :

U Man
'd
12 ,

o
, ca - l l x Sl(N )

com be given a rotund topology set the Issue ofM
" d
in this union is a csmpnhfusntisn of no" d.

one can imagine that the

image of such a ohohfustim , through pauldron 's momplum gives a decomposition as the one in the stove proportion on Helen ,
u)

.


